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Abstract

The present work is a part of a modelling of forest fires fighting by aerial means. In this paper, we study
different kind of closures for modelling two-phase flows with an almost “infinite range” of scales. Since the-
ories like homogenization are not, in this case, relevant for obtaining the equivalent medium equations, the
averaging method has been preferred. The variables are averaged by convolution with a smooth kernel with
compact support, as the equations are non-linear, new quantities are defined in order to obtain the equa-
tions satisfied by averaged quantities; the entropy production is determined and closures or phenomenolo-
gical equations are obtained using the second principle of thermodynamics. Main features of this work are,
firstly a derivation in this framework of a balance equation for the interfacial area concentration and sec-
ondly, since this introduces a new unclosed variable: the mean velocity of interfaces, extended irreversible
thermodynamics is used to obtain the general form of the appropriate closures equations.
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1. Introduction

This paper is a part of a study on the modelling of forest fires fighting with aerial means, espe-
cially by dropping of fluids from aircrafts. Two main kinds of attacks are possible. The first one is
direct attack which consists in dropping directly water on fire. In this case three main effects are
expected: the blast effect due to the impact of fluid on the ground, the direct interaction of drops
with flames (stopping the radiative transfer and cooling the flames) and the cooling of fuel (ve-
getation) in order to stop pyrolysis. The determination of the drop size distribution is a key for
understanding and improving this kind of attack. The second kind of attack is the so called “indi-
rect attack”. A chemical additive is added to water. The fluid is dropped ahead of the fire front,
the chemical playing the role of a barrier, the fire can thus be stopped to protect a spot or deviated
to a place where ground fighting is easier. The ground distribution of fluid is the parameter
which determines the effectiveness of the dropping. This part of the study is mainly concerned
with the second kind of dropping. Dropping in Europe are made from an altitude of about
40 m while in North America the altitude is at least 100 m. During the dropping, the fluid
goes out of the tank and will be partly atomized in the case of European dropping and totally
atomized in the case of American dropping. In both case the production of interface is very
important and an Eulerian simulation should take into account this fact. The first results on
the subject have been provided by the USDA forest service in 70s (Swanson and Helvig, 1973,
1974). In these reports, valuable information was provided, as: mechanisms of atomization, many
results of real dropping experiments, and a simple Lagrangian model, named PATSIM, has been
developed in order to foresee ground pattern of dropping. The aim in the present paper is to pro-
vide a first attempt to model this kind of atomization in an Eulerian way. Let us notice that during
the atomization process the Weber number is very high. We will neglect forces due to interfacial
tension.

In this paper the spatial averaging method, with thermodynamic closure, will be used. This
method consists of three steps: firstly balance relations at microscopic level are written in distri-
butional form so that the jump conditions at interface appear as source term in the equations,
secondly the equations are convoluted with a smooth kernel with compact support. As the equa-
tions are non-linear, new quantities are defined so that averaged equations take the form of
balance relations. Thirdly, an entropy is constructed, and closure relations are defined such that
the second thermodynamic principle is satisfied. In this paper, only the question of interaction
between phases is addressed, and closure relations for this force are deduced assuming that both
fluids are incompressible and that the equivalent medium is isothermal. However, consequences of
extended thermodynamic are explored and a closure relation implying memory is obtained. In
order to take into account the interface production, interfacial area concentration and interfacial
velocity are defined by spatial averaging for being consistent with the averaging method. Then an
evolution equation is deduced for these quantities. As the interfacial velocity is a non-closed
quantity, closure relations for this velocity are obtained. Let us finally point out that from the gen-
eral derivation obtained by thermodynamics, we will try systematically to recover empirical
closures.

The paper is divided as follows. The second paragraph is devoted to the recall of the balance
equations at microscopic level in distributional sense, and then these equations are averaged
and new quantities are defined as interaction between phases. In the third paragraph the inter-
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facial area concentration and the interfacial velocity are defined, an equation of evolution for
these quantities is derived. Then in the fourth paragraph the entropy balance relation is derived
and the production of entropy is obtained, by writing that this source term must be positive for all
processes, some closure relations are obtained.

Related works are for the thermodynamics part, the pioneering paper of Bataille and Kestin
(1977) on the thermodynamics of mixture. One can find an interesting generalization to an ex-
tended irreversible thermodynamics modelling of two-phase flow with phase changes by Bilicki
et al. (2002) with a few references therein. Local interfacial area concentration has been intro-
duced (though in a different form) by Ishii (1975) and Delhaye (1976) and recent works on a trans-
port equation for this quantity have been reported by Morel et al. (1999), Delhaye (2001),
Lhuillier et al. (2000), Lhuillier (2003, 2004) and by Veynante and Vervisch (2002) within the
context of combustion theory.

2. Averaged equations of the models
2.1. The microscopic equations

Averaging method is simpler to apply if the physical laws are written in such a way that the
boundary or interface conditions between phases are incorporated in the balance equations (Fitre-
mann, 1977; Marle, 1982). For sake of being self content, let us recall this writing. The two phases
occupy the domains Q with k =1, 2. Each quantity ¢, associated to phase k is prolonged by 0
outside its domain of definition, in such a way that the new prolonged quantity ¢, is now defined
everywhere. However this quantity is no more a function but becomes a distribution and deriva-
tives must be considered as distributional derivatives. The relations between the definitions of
derivatives are given in the following relations (Estrada and Kanwal, 1980):

0g Og _
E—E‘FW'nkg&I |
Vg:Vg—gnk5[ ()

Vg = Vg — gnd;

In (1), %, Vg, and V - g are derivatives in the distributional sense while %, Vg, V- g are functions
derivatives; moreover W is the interfacial velocity, n; is the exterior normal and J;is the interfacial
Dirac distribution defined by (3, ¢) = J;p(x)dS(x). Let us notice that y,g = g, so that we can use
the convenient notation:

V.g=xuV-g+8 V=V -g—g nd
With these notations the balance equations are the following:
Balance of mass:
0p — —
ZEL V- (V) + (Vi = W) -0y = 0 ©)

In this framework, jump conditions on the interface [ are naturally included.
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Balance of momentum of the kth phase:

0, - [ _ _ = = _ i
5 PV + V- (D Ve @ Vi) = pig = VD + VT = ViV = W) - midp + (=P + T mi) oy
(3)
The total stress tensor is denoted by Y. = —p,1 + 7. The viscous stress tensor is T, =
w.("VV; 4+ VV,), p, is the pressure. It can again be noticed that, in this framework, jump condi-

tions at the interface are given by the singular part of (3).
Balance of energy:

0 1 1 o
at<k<ek+2V>>+V <k<ek+2V>Vk+qk—Zk~Vk>

R 12\ < _ g
=i Vi (w2 (043 V2 )= W)= (5 ) @)

The equation satisfied by the characteristic function y, of the phase k is the so-called topo-
logical equation:

a)/k

or +V - (Vi) + (Vi = W) -6, =V -V, (5)

2.2. Averaged equations, and averaged quantities

We can now proceed with the averaging (see Marle (1982) for example). Let us consider now, a
spatial filter or a kernel, W(r,h), which is a mollifier, that is W > 0, [W(r, h)dr = 1, the support of
W is the sphere of radius 4, and W = 0. Quantities and equations will be smoothed by convolu-

tion with this kernel. The volume fractlon ¢(r, 1) of the phase k is defined by:

(e, 0)] = 7% W = / 70— W, By de = / 2 (¢ W (¢, h)de (6)
So that the averaged value of any quantity ¢, is defined by:
b (r, )@ (r,0)] = (@) x W = / 1 e, )W (r —x' h)dr (7)

In relations (6) and (7), we have put between brackets [ ], the newly defined macroscopic quantity
¢r. This notation will be used all along this text when new macroscopic quantities are introduced.
It is useful to point out that [ ] is not considered as an averaging operator thought it is related to
the averaging process.

The averaged density is then defined by:

belor] = (upi) * W (8)

Two averaged velocities can be defined; the first one is a “mass averaged” velocity,

Gror[Vi] = (Xkﬁkvk * W) 9)
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and the second one is a ““‘volume averaged” velocity,
Ou[Udl = Vi x W (10)

As it will be useful, we can define now as usual, the total density

2
P= ps (11)
k=1

and the mass average velocity

2
pY = Z Pk Vi (12)
=1

One can now convolute the balance equations with the kernel W. As the equations are non-
linear, some new ‘““macroscopic’”’ quantities appear. So that, this averaging procedure gives the
macroscopic equations and the new macroscopic quantities:

The topological equation (5) gives:

Oy
ot
with

+ V- ($Up) = o (13)

(%) = / 1) - V)W (x — y)dy - / Viy) - W) m@P(x—y)dsty)  (14)

1
The balance of mass (2) becomes:

O(drpi)
ot

One can notice that in the case of condensation (W — V) - n, > 0, then the mass source term in
(15) is positive which is consistent. The averaged balance of momentum is:

+ V- (Vi) = = (i (Vi = W) 1) 0, W (15)

%(Pk‘ﬁkvk) + V- (0 h Vi @ Vi) = pppi8 + V- §04 + Fo + Fy (16)
In relation (16) the following definitions have been used:

Pxb Vi @ Vi — dlor] = (5 Vi @ Vi + Pl —T)d + W (17)

Foi] = =0, Vi(Vi — W) -6 % W (18)

[Fu] = (=P + T - )0+ W (19)

As usual, we can notice from (17) that the macroscopic stress tensor 6, is not the average of the
microscopic tensor 6.
The averaged energy balance reads:

0 1 1
o <¢kpk (ek + 5‘@)) +V- <¢kpk (ek + 5‘%) Vi +q; — ¢40% Vk>

0
:Pkﬁbkg'vk—Pk%‘f—Xk-i-Yk (20)
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with the following definition for the average internal energy:
1, S A )
PP [ek]—i-EVk = Pi | €k +§Vk * W (21)
And for the energy supply X and Y, due to the interface, the definitions are:

X0~ P = (e (p ) Vi) mad (22)

15\ —
[Yk} = _pk (ék + E Vi) (Vk — W) . l]k51 * W
The heat flux q; can be defined by:
1 -2\ _ - —
PrPr <ek + Evi) Vi+ Q] — ¢x0x - Vi = (Pk <ék + §V2> Vi+q — X Vk> * W (23)

Some new terms have been defined and closure relations are needed for them. For the applica-
tions we have in mind, we will assume a “no slip” condition at interfaces so that the interfacial
velocity W is equal to the fluids velocities at interfaces, and then the force F,, and the energy
transfer term Y are null. This implies that no phase change does occur. We will be especially con-
cerned with the interaction force F defined by relation (19). Usually this force is decomposed in
three parts:

Fp =Fy +Fou +Fp

Since a great difference of density between the two fluids is assumed, we will not consider the lift
force Fy,. In the same way, the added mass force F,,,,;, which is of the same order as the lift force,
will be neglected. It remains to obtain a model for the drag force Fy. As a closure relation for
interaction force between phase p and phase ¢, some authors (see Morel (1997) and Drew and
Passman (1998) for an extensive exposition) have proposed expressions like:

1
F = _§APp<CD|Vp - Vq‘ (VP - V4)>A

where the symbol () stands for interfacial averaging with the probability density distribution
function and A4 is the interfacial area concentration. The presence of interfacial area concentration
A appears desirable because this quantity partly drives the interaction between phases. In order to
be coherent with our treatment, we have to consider a spatial averaged interfacial area concentra-
tion and not an ensemble averaged density. In the next paragraph we will derive an equation for
the interfacial area concentration.

3. Interfacial area concentration

As mentioned previously, this section will be devoted to the derivation of an adapted equation
for the interfacial area concentration. Let us firstly define this density as coarse-grained surface
area density:

mzjm»wwwmzwmf (24)
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The symbol ¢, stands for the Dirac measure on the interface / (i.e. (9;, ¢) = [, dS for any func-
tion ¢ indefinitely derivable with compact support. d; can be considered as the fine-grained sur-
face area density. One can verify that as a function of % the relation 4 = 0; holds. Let us

emphasize that / is the size of the support of the smoothing function and can be interpreted as
the size of the fluid particle or ‘“‘clementary representative volume” of the equivalent medium
being constructed.

In the same way the interfacial mean velocity is defined by:

A[V,] = / W(x—y,h)V(y,t)ds(y) = W« (Vo) (25)

Let us consider the total (or material time) derivative of 4, from (24) we obtain using a transport
theorem for surface integral:

L /VW (Vx — Vy) ds(y) /Wx— Y)(V-V—-VV:n®n)ds(y)

The symbol ® represents the tensorial product and VV : n ® n is the contracted product of the two
tensors. Then we obtain:

%:V(x,t)‘/[VWdS(Y)—/IVW'V(y”)dS(Y)

+/ Wx—-y)(V-V-VV:n®n)ds
1
As for distributions, convolution and derivation can commute, the first term of the right hand

side can be written V(x,t) - [, VI7ds(y) = V(x,t) - V4 and likely the second term is Vy - (4V)).
We obtain then

d4
Y= T V() V- (4V) +/ W(x—y)(V-V—VV:nn)ds
1
But taking into account that
d4 04
A -
dr 6t + Vi - V(x, )
and after a simplification, the result reads:
04
TV (AV,):/W(x—y)(v-V—vv;n®n)ds (26)
1

Let us point out that using space averaging circumvents potential mathematical problems (re-
lated to measure theory) and physical problem (related to ergodicity and ensemble averaging).
Another advantage of using volume averaging is that the right hand side of (26) can be simplified
using a “surface green formula” (cf. the Lemma 1 given in Appendix A):

/W(X—y)(V-V—VV:n®n)dS—/<%—V:+CW>V-nds
1

1
+/WVS-nUdZ—/V-Vst (27)
r

1
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where C is the mean curvature of the interface, Vg is the tangential component of the velocity V, I’
is the line boundary of the interface 7, n, is the unit vector normal to I'. Using Vg the gradient and
the divergence operator on the surface (Aris, 1962), we can obtain:

/W(x—y)(V-V—VV:n®n)ds:/{CWV-n}ds—|—/WVS-anZ
1 1 r

_ (/ Vs (WVs) — WVs - (Vs)ds> (28)

1

We can use now the Stoke’s theorem on the interface /, taking into account the possible dis-
continuities lines I'; of the tangent velocity on the interface, and we obtain:

/W(x—y)(V'V—VV:n®n)ds:/{CWV-n}ds+/WVS-VSds
1 1 1

+ W[Vs-n,[dl (29)
T

i= rinl

where the symbol [ | stands for the discontinuity of the bracketed quantity on crossing the line I';.
For instance, [V n,] = (VL— VR) ' n, in the left case of Fig. 1 and more generally, [Vs-n,] =
Vi -nk — Vg -n®, when the unit normal, tangent to the discontinuity line, differs between the left
and right side of the discontinuity. Thus the evolution equation for the interfacial area concentra-
tion is:

04
E—FV-(AV,):SC—i—Se—i—S_,b (30)
The right hand side of (30) contains three source terms:
Sc:/WCV-nds (31)
1

this term corresponds to the presence of curvature,

Ss == / WVS . Vst (32)
1

Vr

VL nk

Fig. 1. Discontinuity of surface velocity during breakup.
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this term corresponds to the stretching of the interface, and
Se=> [ wivenJa (33)
i—1 rni

which corresponds, because of the possible discontinuities of the normal (or of the tangent
plane), to fragmentation and coalescence of drops. The following relation will be used in the
following:

S=8.+S,+5s (34)

Of course the final form of (30) is similar to the one proposed initially by Ishii (1975). It is
fruitful to compare this result with the same kind of equation derived recently by other authors.
Actually Eq. (26) can be related to (Lhuillier, 2003) formulation:

% +V.Vé =—6m-VV (35)

Relation (35) is written in the distributional sense and then averaged over different realisations
of the physical phenomena. Previously, Lhuillier et al. (2000) had derived the following
relation:
00y
ot
let us remind that, as mentioned earlier, if / tends to O, A o; and AV, AP V;d; then (36) is

similar to (30) in the limit # — 0 but does not contain the stretching term, and the source term
Sy is not defined. In another older work, Morel (1997) had obtained the relation:

d_A:S/a,:_/ (V,.n)n.NMdc+/ (V,-n)V-ndSJr/SVdV
dt dt y Inov 1—(n‘N)2 (a4 14

+V-((V;-m)nd;) = (V;-n)V -no; + Sy (36)

(37)

where N is a unit vector, normal and exterior to the surface 0, boundary of the volume V, and
n is the unit vector normal to the interface /. Eq. (37) has been demonstrated to be equivalent
to (36) by Lhuillier et al. (2000), but the source term is still not given. Previously, Candel and
Poinsot (1990) derived the following equation for the evolution of the fine-grained flame surface
density:

1 d
5= 2 (0)=-n@n:VV+V-V4+5V n
o; dt

relation which is equivalent to (35), but where a flame front velocity S; has been introduced. In
this work, the division by the surface distribution J; seems to be simply a convenient notation and
is not used any more in the recent review by Veynante and Vervisch (2002).

Egs. (30)—(33) is thus similar to (36) but in the latter, all the source terms are fully written. As
far as we know, space averaging seems to be the only way to compute completely this source term.
As a matter of fact, this term is related to fragmentation and coalescence events which lead to sin-
gularities of the surface (cf. Fig. 1). This effect scems to be difficult to obtain by statistical
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averaging of the fine-grained density ¢;. Lastly, let us notice that (30)—(33) is completely similar to
an equation obtained by Marle (1982), in a different manner, within the context of porous media.

4. Closure relations

In the preceding section, new quantities (V, S, Sy, S.) where introduced which can be rigor-
ously computed if the velocity field on the interface is perfectly known. This however cannot
be done for most numerical computations of two-phase flow where the size of fluid blobs can
be much smaller than the size of the computing mesh. These quantities are thus, for most com-
putations, unclosed quantities and closures relations are needed. In the following section, accept-
able form of the closure relations for V; and the interfacial momentum transfer will be
determined. Empirical closures for the mean interfacial velocity are V; =V (Vallet and Borghi,
1999) and V;= ¢V, + ¢,V (Lhuillier, 2004) which was introduced in order to recover Ishii
(1975)’s first results that interfacial velocity should be equal to the dispersed phase velocity in
the case of diluted mixtures. In the present work, closures relations will be obtained by writing
down the balance of entropy and then by writing that the entropy production is positive. Actually,
the entropy is constructed in such a way to have a positive production term. This method has been
often used as a tool for obtaining “equivalent medium” equations, or homogenized equations.
Without being exhaustive, Marle (1982) is a good reference for porous medium. In order to cope
with non-thermodynamic equilibrium situation, different kind of thermodynamics can be used
mainly the EIT (extended irreversible thermodynamic) developed in Jou et al. (1996) and the
RET (rational extended thermodynamic) developed in Miller et al. (1998). In these theories,
the space of the state variables upon which the entropy may depend, is enlarged. Particularly dis-
sipative fluxes can be introduced. We will consider at the end of this section a consequence of
using such extended entropies. Calculations will be undertaken using EIT (which leads to simpler
calculations than RET and is equivalent to RET in the linear approximation); but the entropy
that is being used can also be considered, as in RET, as a mathematical entropy ensuring that
the resulting hyperbolic system of conservation law is mathematically well posed.

4.1. Entropy balance

Generally the entropy balance equation is written:
ds
pa:—VJS—i-JS (38)
J, is the entropy flux and o is the entropy production. The total entropy can be constructed from
the specific entropy of each separate phase and in the case without interfacial concentration one
can consider:

2
= chsk where ¢; = qb];ok (39)

k=1

Functions s, (extended partial entropies) will depend a priori upon internal energies e, specific
volumes 1/p, and mass fractions ¢.
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There are several ways to introduce the entropy dependency with the interfacial area concen-
tration. We will firstly suppose that the entropy is defined by:

s = i cesk + P(A) (40)

where @ is a convex function of 4. Here, the interface is considered as a third medium different
from both fluids. Its main advantage comes from the ease of introducing interfacial chemical reac-
tions. Moreover identification of equilibrium surface tension is rather straightforward. Rigor-
ously, one should write down all the necessary balance equations (mass, momentum and
energy) for the interfacial medium, this is Marle’s original point of view. Here it will be assumed
that the mass of this third medium is infinitesimally small, thus all the balance equations written
so far are sufficient to describe the evolution of the mixture.

In the second point of view, the interfacial area is considered as an internal variable for each
phase “which means that in practice, these variables are measurable but not controllable...”
(Maugin and Muschik, 1994). Then, the entropy will be written using (39). And the associated
Gibbs-like relation will be written:

1 0
@kdsk:dek+ﬂkd<—> —Mkdckﬁ-@kﬁdpi (41)
P op;
where @, = %,Hk = —@kpi%,Mk = —@k% and the p; are the internal variables (here, inter-

facial area) not to be confounded with pressure; the variables @y, I1, and M, are non-equilibrium
variables that we will suppose equal to their equilibrium values mainly 7}, for the temperature, P
for the pressure and p,; for chemical potential. As demonstrated in Jou et al. (1996) this corre-
sponds to a first order expansion. Then (41) takes the following form:

1
deSk:d€k+Pkd<—> —,ukdck—i—Tk%dp[ (42)
Pk op;

4.1.1. Entropy balance equation with internal variables
Let us derive the entropy balance equation in the general context of irreversible thermodyna-
mics with internal variables. The derivation of (39) leads to:

ar ds dr

k=1

d 2 [(a®w d®
al Z ( Ck Sr + —Skck — sngr . Vck — ckV,‘ir . Vsk (43)

In (43) % = §+Vk -V is the derivative along the motion of phase k£ and V,‘:r is the drift

velocity, defined by:
VIr—=v, -V (44)
The relation between the two derivatives is:

d® d d .
_— — . _ — r- 4
=gt Ve V) V=24V V (45)
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In order to calculate the entropy derivative in (43) we need to compute the derivative of partial
entropies along the flow of the phase k. It will be done using relation (42):

d¥s,  dWe, P, d(k>pk d¥e, Osy, d<k)pl

= -— - — 46

o Ta o a MTar T T (46)
After introducing the mass fraction one obtains:

o dWs; _ Pups d%e Cbkpk Py d® Pr Prps dWey Dy % d<k)Pi (47)

dt  Tuyp dt  Tuyp pl dt  Typ ' dr T p dp, dt

In (47) the following derivatives are needed: at f‘ ,d ATt dt t The variation of internal energy is

obtained substituting kinetic energy obtained from balance of momentum (16) in the energy
balance (20), after some algebra one obtains:

d(k)ek ¢k

</5kPkT+V"Ik:—Pk P + X+ ¢p61 : VV — Fp -V (48)
The variation of density is:
L& Lty vi-u) (49)
PE AR
And the variation of mass fraction is given by:
d®e 1 . .
i t = -5V (o VE) + Vi - Ve, (50)

The variation of the parameters p; will be discussed in a special section. Once (48)—(50) are substi-
tuted in (47), one obtains after calculation:

d®g 1 o¢ 1
A AR LS Tka e TV E Y,
P r
+ = T, (wk + V- (Vi = Up)) + : (de)kpkvk )

aSk d
o,

1

dz

i

For convenience and since the final form of entropy variation (38) is desired, relation (51) will be
put in the following form:

d®sg, s, d¥p,
SN v (O k bi
dr VIl tel +pag op, di

PCk

aSk d

op; dt (52)

=-V-JW 4 6%0 4 610 4 620 4 pe, =
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In relation (52), the following definitions have been used:

1
JW=_— (‘lk + ¢ P Vi — Py (Vi — Uy) — Ck.ukd)kpkvgr) (53)
P 3b, Xi P
0,(k) — Tk YYE | Ak kWk
% Tk at k Tk (54)
1
oy ) ((lk + P Ui — dppreiiy V. ) V_
1
Vi (Fi = V. Py) quk(vk _U,)- VP, (55)
k P

1 T 1 T
- —¢kPkaV2 Vi — z_ﬂk(pkpkvg Ve
T T

o

o VR
G AAL (56)
Ty

where the stress and strain rate tensors have been split in spherical and deviatoric part: (De Groot
and Mazur, 1962)

o

1 ~

O = _Pkl"’_g-k

The contracted product of these two tensors now reads:

.
Oy : VVk = —ka . (Vk) + o6y : VVk (57)

One can notice that the first upper index of the entropy source terms in (53)—(56) indicates the
tensorial order of the quantities taken into account. They sum in the following way:

¥ = g0 4 gk 4 520 (58)

There are different possibilities in the definition of the entropy flux and source terms. Actually,
it is either possible to write ¢ P,V - (Vi) or V- (¢ PiVi) — Vi - V(¢ Py). It is somewhat a matter
of choice and the latter case has been chosen here. The consequences of this choice will be
analyzed further in this paper.

Substituting relations (52) in relation (43), using notations (53)7(56) one obtains:

ds 2 2 6s
Py = D=V (3P = pesiVi) + o) Z 4 p (59)
4 k=1 f= Di
Relation (59) will be put in the form (38), that is:
ds 2, 35 dYp,

v V-JS—I—GS—F;;)Cka—p ar (60)

1
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4.2. Entropy source and flux due to the interfacial area concentration variation

4.2.1. Interfacial area as a property of a third medium
Here, entropy is defined by (40) and p; is set equal to A4 in (42). Therefore:

ds 2 degs, 0P d4A

— — — 61
P P Z dt +e 04 dt (61)

Let us define 7, the temperature of the interface by pg—j =+ where y can be considered as a
surface tension between both fluids. Among the different ways of writing sources and fluxes of
entropy, one can choose:

J=0 (62)
cgz%(s—Av-v,+(v—V,)-VA) (63)

Let us consider that each fluid is incompressible, that the heat flux is null, the interfacial coef-
ficient is constant and that there is no chemical reactions, so that chemical potentials are constant.
Moreover, as it is often assumed, let us assume that there is only one pressure and one tempera-
ture so that 7; = T. The fluxes and entropy sources simplify in:

Js = kz: (l)LTPVk + (Sk - %Mk) ¢kpkv;¢h (64)

afj:kz;(—;%+)%>+%(5—w~v,), (65)

ol = kzz; {— %Vk (Fy — v¢>kp)—2% ukqﬁkkagr.Vck} + % (V- V,).V4, (66)

S M (67)
§ T

Considering the first order tensorial terms (66), writing all the coupling in linear approximation
(thermodynamic forces are supposed to be proportional to fluxes), one gets.

2 1
Fk = F]k — V(¢kP) = Z <_LFkVpr — LFkv6p2upq§ppchp> + LFkVA%VA (68)
p=1

- y

Vi = 2 < — Lyary, V), — LVS‘VL'p2MP¢ppPVCP) + fLVQTVAVA (69)
p=

- y

V?r = Z (LV?erVp =+ LV?rVCPZ,upgbppchp) + ?ijirVAVA (70)

p=1
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One can notice that the contribution V(¢,P) has been subtracted to the interaction force. The
appearance of this term is related to the choice of the entropy flux and source terms previously
mentioned. However, this is a standard contribution which can also be obtained for instance,
through ensemble averaging of microscopic two-phase flow equation (Chen et al., 1996, thought
it is a two pressures model).

The most general linear closure relations for this problem can be summarized in matrix
notation by:

F, _LF1V1 _LF1V2 —LFlvc1 _LFIch LFIVA A\

F, —Lgyv, —Lrv, —Lpv, —Lrve Ly, v4 V,

V‘fr = —Lv;i"vl _LV‘I“VZ _LV‘IJerl _ng‘"vcz LV‘I“VA A 2up,90, Ve (71)
Vir _ngfvl _ngfvz _ng’vC] _ngvaz ngfw 210,40,V er

V;h LV}"VI Lv;"‘vz LV?“VC, Lv;“‘ch _Lv;“w % VA

In order to ensure a positive entropy production term the matrix in (71) has to be definite positive
and the Onsager reciprocity relations imply that this matrix is symmetric, that is:

Lg,v, ='Lr,yv, (72)
Lyay, ='Live, (73)
ngfch = tngfch (74)
Lysy, ='Li,v, (75)
LV;‘fvc,, = tLV,d,fVA (76)

Moreover, if one assumes that the interaction force between phases is Galilean invariant, the
following relations must hold:

Leyv, = —Lryv,, pP#q (77)

The interfacial velocity V; is thus related to the velocity of the different phases and to the
gradient of the interfacial area concentration in the following (yet undetermined) way:

r Y
V;i = LV}ierV] + LV}er2V2 + 2ﬂlp1 ¢1Lv;irvclvc1 + 2/12,02(}52LV;11«VCZV62 - LV?TVA ?VA (78)

Indeed some of the effects in the preceding relations may not really be coupled, and suppressing
some of the coupling can lead to the following closures:

F, —Lrv, —Lgyv, 0 0 0 Vi

F, —Lgyv, —Lgy, 0 0 0 vV,

Vi | = 0 0 —Lyarg,, 0 0 2up19 Ve (79)
\%s 0 0 0 —Lyarg,, 0 210,90,V ey

% 0 0 0 0 —Lyarg 1VA4
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We then obtain for the interfacial velocity the following relation:
V,—V=-— %LV}WAVA (80)

The interfacial velocity is thus equal to the mass averaged velocity plus an interfacial area
diffusion term. This term should disappear when the mixture is translating uniformly. Actually,
considering lT’LV?rv , as a turbulent diffusivity, (80) reduces to the closure of Vallet and Borghi
(1999).

One can also recover the Lhuillier’s (2004) closure V; = ¢V, + ¢,V from relation (78), setting:

2 2 2 2
Lyary, = P25 — P19 1 and Lysy, = P19; Pzd’zl (81)

! P191 + P2, ! P11 + P20,
From (81), it can be noticed that LV;irV] + LV;irvz = 0; so that using (71) and Onsager symmetry
relations, Newton third law F; + F, = 0 is enforced.

One can thus conclude that the main empirical closures are compatible with the present
thermodynamic framework.

As for the coupling coefficients Ly, v, , they can be considered as a function of the interfacial area
concentration A, which is null if 4 =0, then Ly y, = ACg v, (T, Py .), so that:

F, = —ACypy, (Vi — V) (82)
F, = —ACgy, (V> — V)

4.2.2. Interfacial area as an inner variable
At thermodynamic equilibrium the interfacial coefficient (interfacial free energy) is defined
by:

Gsk
Vi = Pkaa—A (83)

As we have done for temperature, pressure and chemical potential, we will suppose that the pre-
ceding relation holds outside equilibrium. The derivative of the interfacial area concentration
along the motion of the kth phase is:

d®4
dt

then the missing term, giving the contribution of interfacial area concentration in (60) can be
written:

2 e dY4 (S e 2
Bt () e (S -s -

k

=V, -VA—-V-(4V))+S (84)

From relation (85), one can identify the interface entropy flux. The decomposition of the right
hand side of the entropy variation (38) in divergence of a flux and a source term is not unique,
and is again, in some way, a matter of choice. One can choose:

J=0 (86)
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and
2 2 2 2
Drvx Dk Gk DiVx
ol = g —EV, | -VA4 — E —EV; | -V4+ S E —L A E — -V,
(87)

Relation (86) introduces the interfacial free energy (with respect to the vacuum) y; and y, of
each fluid separately. It is convenient to introduce their relative interfacial tension. This can be
done using Girifalco and Good (1957) model of interfacial tension:

Y=71+ 7 — 20717, (88)

where ¢ is a (new) parameter of order unity introduced to take into account the nature of the
intermolecular interactions (inside and between each phase). Another interesting choice, which
introduces two parameters, is Fowkes (1962) model of interfacial tension:

Y=y 47— 24/ v (89)

where y¢ and 74 are the part of the interfacial free energies y; and 7, which come from Debye’s
dipolar interactions. Using either model, one can define:

2
](2: Tk P
_ k=1 90
o ; (90)
2
> i Vi
U= (91)
> VPr
k=1

Once these relations are substituted in (86) and considering a one temperature model, we
obtain:

Oi:a%(S-FV'VI)-F?(U—VI)’VA (92)
which leads to:
2
¢.P Ck d
JS == —Vk + Sk - _luk d)kka r (93)
; T ( T > k
2
Po¢g, X, oy
o — <___k+_)+_(s+v-v,) (94)
; T Ot T T
1 2 1 1 dr i
o, = —?Vk - (Fp — V(f)kP)—Z?Mk‘f’kkak Ve o + T (U-V;)-V4 (95)
k=1

o

5 N\
P dror: VVy
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Now let us again concentrate on entropy sources terms due to first order tensors. Considering
that thermodynamic forces are proportional to fluxes, one can write:

2
Fi = Fi = V($P) = > —Ley,Vy = Liywe, 2,6,0,Y¢, + Liywa V4 (97)
2 a )
Ve = Z; ~Lygy, Vo = Lugro, 214,9,0,V¢p + 5 Lygg, VA (98)
p= : |
U-V, =Y Lvy,V, + Ly,ve 20,6,0,Y¢, + oc%LV,WVA (99)
=1
Therefore:
F,; —Lgv, —Lrv, —Lrve —Lrve Lrvs vV,
F, —Lryv, —Lgv, —Lrve —Lrve, Lrvs V,
V(Iir = _Lv‘ffvl _Lv‘ffvz _LV?"Vcl _Lv?fwz LV‘I“VA | 2mpi Ve
A& —Lyary,  —Lyay, —Lyag,  —Lyog, Lyogy P22V
u-Vv, Ly,v, Ly,v, Ly,v, Lv,ve, Lyv,va o0y VA
(100)

Then, again, the entropy production term is non-negative if the matrix in (100) is definite positive
and the Onsager reciprocity relations imply that it shall be symmetric. Moreover, if one assumes
that the interaction force between phases is Galilean invariant, the following relations must also

hold:
Lryv, = —Lgyv,, P#4q (101)

The interfacial velocity V; is thus related to the velocity of the different phases and to the
gradient of the interfacial area concentration in the following way:

U—-V,;=Ly,v,Vi+Lyv,V2+2u,p,¢,Ly,ve, Ver + 210,05 Ly, v, Ver + Ly,va %“VA

(102)
After suppressing some of the coupling, one gets:
F, —Lpyv, —Lgv, 0 0 0 Vv,
F, —Lr,y, —Lgyv, 0 0 0 Vv,
A = 0 0 —Lyarg,, 0 0 2up1,Vey (103)
A% 0 0 0 ~Lysog,, 0 210,60,V ¢
Uu-Vv; 0 0 0 0 Lv,v4 05 VA

The following relation for the interfacial velocity is obtained:

V,=U- %ocLV,WVA (104)
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the involved velocity U is an average of the phases velocities weighted by the interfacial free ener-
gies instead of the densities. The two closures (80) and (104), although they are similar, provide
different results for a mixing of fluids with different density ratio and surface energy ratio. For
instance, using data from Girifalco and Good (1957), the ratio of the density of mercury and
water is 13.6 whereas the ratio of surface energies is 6.6 (for hexane and water the ratios are
0.66 and 0.25).

As in Section 4.2.1, one can recover Lhuillier’s (2004) closure. A simple computation shows that
the following form for the different coefficients is needed:

7191 > ( 720> )
Lyyv, = (—F/—F— land Ly,y, = | ———————— 1 105
vy <V1¢1 + 720, ¢ vy 7191 + 20, 4 ( )

Moreover, Newton third law is also verified and relations similar to (82) are obtained.
4.3. Non-linear and extended thermodynamic closures

As mentioned earlier, extended irreversible thermodynamic consists in introducing the dissipa-
tive fluxes in the entropy. We will consider, in this section, consequences of this assumption and
extend the preceding closure (82). We will, for sake of simplicity, apply this formalism only on the
interfacial forces. Surprisingly the dissipative fluxes are here the forces and the following deriva-
tion will mimic the one of Jou et al. (1996) for viscoelastic rheological law, and the ones of Séro-
Guillaume et al. (2002), for porous media. Let us consider that the internal parameter is the
interaction force so that:

0s, d®p, s, d¥F, _ by dWF,

In (106) we have defined the “thermodynamic conjugate” velocity V,; by V,; =T aa—ﬁ This velocity
can be considered as a functional of the real velocity V;, and it is null if V; =0 . Then we can set

V,=1(A4,T,...)V;, T being a priori a second order tensor. With this definition the entropy produc-
tion due to first order tensors is:

(106)

2
k=1

1 1 d“F, ! ar i
o, = Z —?Vk o Ry +F ) — 2?,uk¢kpkvk Ve +7(U —V,)-V4 (107)

If we consider the coupling only with velocities, in a linear hypothesis, using the same arguments
than previously, the closure relation for the force is:

d(k)Fk

T- + Fk == —ALE‘l;(Vk — Vp;,gk) (108)

dr
In fact the factor t - dUZZFk + F depends as a functional of the drift velocity and (108) represents a

first order expansion of this functional, at second order we could write:
dYF
dr

where Re is a Reynolds number which could be related to the slip velocity and the inverse of inter-
facial area concentration. t is a tensor which introduces a characteristic time for the vector Fy.

T —— 4 F = —ApC(Re)|Vi — V| (Vi — V) (109)
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This is a simple way to take into account memory effects akin to the Basset force for instance.
However t remains to be determined.

5. Conclusion

In this paper we have studied a modelling of two-phase flow with interfacial area concentra-
tion considered either as a third parameter or as an internal parameter. An exact transport
equation for the interfacial area concentration has been obtained. The space averaging method
has been used, but let us notice that we could have used averaging in space and time, the
results would be the same (Estrada et al., 1980). All the closures of equations have been obtained
by a thermodynamic argument. This led to the closure relations (108) and (109) for the interac-
tion force between phases, which include a memory effect and an interfacial area concentra-
tion dependence. Moreover, two points of view on the dependency of entropy upon surface
density A have led to two different closures for the mean interfacial velocity. Considering the
interface as a third medium, we have obtained the relation (78) between the interfacial veloc-
ity, the densities averaged velocity, and the gradient of interfacial area concentration. Considering
the interface as an inner variable, we obtained the relation (102) similar to (78) but where
the velocity average is weighted by the surface energies. With relation (78) we can recover the
closure of Vallet and Borghi, whereas both (78) and (102) can provide the Lhuillier’s closure.
Of course the determination of the coefficients in all closure relations for interfacial velocity
should be determined by real experiments or more probably by numerical experiments. Closures
for the source term in interfacial equation, mainly the term defined in (31)—(33) have not been ad-
dressed in this paper. The closure for zeroth order tensorial terms and second order tensorial
terms has not been considered either. Especially for strain—stress relation, it is beyond the scope
of this paper, as many efforts have been done to obtain rheological law for two-phase fluid (Brink-
man, 1952; Roscoe, 1952; Bataille et al., 1977; Lhuillier, 2003). It can be noticed that extended
irreversible thermodynamic could provide a guideline for obtaining viscoelastic law (Jou et al.,
1996).
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Appendix A

Lemma 1. Let 0Q be a C* surface and f a C'(R*,R) function. Let t© be a smooth vector field whose
gradient will be written Vr, then the following integration formula hold:
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0
{t-Vf+f(divt —Vt: n®n)}ds :/ {<af—|— Cf)r n}ds+/fr -n,d/
) 00
where C is the mean curvature, t is the projection of t on the tangent plane to 02, and n, is the
unitary vector normal to the edge I' of 0Q2 (Fig. A.1).

Demonstration:
Let 4 be an open neighbourhood of R? such that 3Q admits the following local coordinate on 4:

X3 =Y, (x1,x2) <= Pu(x1,x2,x3) =0
Let us define the mapping:

pr ACR - R

(1, x2) = (1,32, Y4 (31, X2))

then a surface integral can be written using local coordinate neighbourhoods 4 and local
mappings V¥ ;:

/ands: EA: /Afowvwdxldxz

where:

VW4 = 1+ ‘Pj,l + l//j,z

In the following, just one local coordinate neighbourhood A4 will be taken into account.
Firstly, let us notice that if f € C'(R? R), then

of s 0 N 0 A O .
a—xjol//—gj(fo‘ﬂ)—a—(folp)aja j=1,2and
of

ax3 _a_x:;(.f lp)

The same kind of relation holds for a smooth vector field «:
(Vet—(Vt: n@n)) o = (11,05 — tiymim;) o th = (8 — (mo ) (my0 ) (tioh) ; + Ri(zi0W)) 5

=3y (o Dy 09 Y435~ (mio ) s o)

Jj=1 X

Fig. A.1. Definition of n,, the unitary vector normal to the edge I" of 0Q.
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| Vi

NG
L+yi +95 ]
this leads to the fact that R;=0 for i =1, 2, 3.
So that the following integral can be decomposed as follows:

n—

I:/fOlApA(V'T—V‘CZ n®n)oz}A|V‘I’A\dx1dx2
A

3 2
- Z Z /Af © U148y — mny) (z: 0 %)W'l”ﬂ,/dxl dx,
i=1 =1

Using Green formula this leads to the following

I=I+1L+1,

=~

|

|
(]

o~

<

(e}
<
=
>

|

S
3
o

o
<
S
<
=
=
&
3

(f 0 W) (2 0 ¥ (85 — i) |V P ) ; dxy A

T
-
M.
s~

A

Using the divergence theorem on /,, and summing on all local mappings, the following term
appears:

/ f1,.n,d!/
r

As for I, one gets:

2 2 2
D (o) (0 —mm) = (£ 00,) (S — nimy) + fa 0y Y W4 ;(8; — niny)
=1 =1 =1

~

As R; =0 the sum in the second term on the right hand side can be replaced by:

83 — (n0 W) (n3 0 )
so that

(fjo @A)(éij —mn;) = (fi —mifn;) oy

NE

Z(f ° ’:bA),j(éij — nin;) =

1

~.
Il
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For I, one gets:

2
Z n)|V,)), = —nC|IV¥,|

oy (L (W L[, (W &) oy
)20 ) e

() (@)

which is the mean curvature (Aris, 1962).
It follows that:

3/2

I +1,= Z/r,olﬁA —nifn; — nin)olApA]V‘PAdxldxz

Summing on all the local coordinate neighbourhoods leads to

11—1—12——/ Vf-tdS—l—/ <af+Cf>t ndsS
20 an

So that the lemma is proved. We can notice that in the preceding demonstration d;; — nn; is the
projection operator onto the surface. Indeed let us define

V=V —(V-n)n
then

References

Aris, R., 1962. Vectors, Tensors and the Basic Equations of Fluid Mechanics. Dover, 1989 (1962 for original edition).

Bataille, J., Kestin, J., 1977. Thermodynamics of mixtures. J. Non-Equilib. Thermodyn. 2, 49-65.

Bilicki, Z., Giot, M., Kwidzinski, R., 2002. Fundamentals of two-phase flow by the method of irreversible
thermodynamics. Int. J. Multiphase Flow 28, 1983-2005.

Brinkman, H.C., 1952. The viscosity of concentrated suspensions and solutions. J. Chem. Phys. 20, 571.

Candel, S., Poinsot, T.J., 1990. Flame stretch and the balance equation of flame area. Combust. Sci. Tech. 70, 1-15.

Chen, Y., Glimm, J., Sharp, D.H., Zhang, Q., 1996. A two-phase flow model of the Rayleigh-Taylor mixing zone. Phys.
Fluids 8.

De Groot, S.R., Mazur, P., 1962. Non-Equilibrium Thermodynamics. North-Holland.

Delhaye, J.M., 1976. Sur les surfaces volumiques locales et intégrales en écoulement diphasique. CR Acad. Sci. Paris t.
282, Série A, 243-246.

Delhaye, J.-M., 2001. Some issues related to the modelling of interfacial areas in gas liquid flows. CR Acad. Sci. Paris t.
329, Série IIb, 397-410.

Drew, D.A., Passman, S.L., 1998. Theory of Multicomponent Fluids. Springer.



920 0. Séro-Guillaume, N. Rimbert | International Journal of Multiphase Flow 31 (2005) 897-920

Estrada, R., Kanwal, R.P., 1980. Applications of distributional derivatives to wave propagation. J. Inst. Math. Appl.
26, 39-63.

Fitremann, J.M., 1977. Ecoulements Diphasiques: Théorie et Application a I’Etude de Quelques Régimes d’Ecoul-
ements Verticaux Ascendants d’'un Mélange Gaz Liquide, These de Doctorat es Sciences, Paris 6.

Fowkes, F.M., 1962. Determination of interfacial tensions, contact angles, and dispersion forces in surfaces by
assuming additivity of intermolecular interactions in surfaces. J. Phys. Chem. 66, 382.

Girifalco, L.A., Good, R.J., 1957. A theory for the estimation of surface and interfacial energies. J. Phys. Chem. 61,
904-909.

Ishii, M., 1975. Thermo-Fluid Dynamic Theory of Two-Phase Flow. Eyrolles.

Jou, D., Casas-Vazquez, J., Lebon, G., 1996. Extended Irreversible Thermodynamics, second ed. Springer-Verlag.

Lhuillier, D., 2003. Dynamics of interfaces and the rheology of immiscible liquid-liquid mixtures. CR Mecanique 331,
113-118.

Lhuillier, D., 2004. Evolution of the volumetric interfacial area in two-phase mixtures. CR Mecanique 332, 103-108.

Lhuillier, D., Morel, C., Delhaye, J.M., 2000. Bilan d’aire interfaciale dans un mélange diphasique: approche locale vs
approche particulaire. CR Acad. Sci. Paris t. 328, Série IIb, 143-149.

Marle, C.M., 1982. On macroscopic equations governing multiphase flow with diffusion and chemical reactions in
porous media. Int. J. Eng. Sci. 20, 643-662.

Maugin, G.A., Muschik, W., 1994. Thermodynamics with internal variables. Part I: General concepts. J. Non-Equilib.
Thermodyn. 19, 217-249.

Morel, C., 1997. Modélisation multidimensionnelle des écoulements diphasiques gaz-liquide. Application a la
simulation des écoulements a bulle ascendants en conduite verticale. Thése de L’Ecole Centrale de Paris.

Morel, C., Goreaud, N., Delhaye, J.-M., 1999. The local volumetric interfacial area transport equation: derivation and
physical significance. Int. J. Multiphase Flow 25, 1099-1128.

Miiller, 1., Ruggeri, T., Myeller, 1., 1998. Rational Extended Thermodynamics. Springer.

Roscoe, R., 1952. The viscosity of suspensions of rigid spheres. Br. J. Appl. Phys. 3, 267-269.

Séro-Guillaume, O., Calogine, D., 2002. L’équation de Navier—Stokes avec mémoire et le transfert de quantité de
mouvement dans un milieu poreux. CR Mecanique 330, 383-389.

Séro-Guillaume, O., Margerit, J., 2002. Modelling forest fires. Part I: A complete set of equations derived by extended
irreversible thermodynamics. Int. J. Heat Mass Transfer 45, 1705-1722.

Swanson, D.H., Helvig, T.N., 1973. High Altitude Retardant Drop Mechanism Study, vol. I, II. USDA Forest
Service—Final report.

Swanson, D.H., Helvig, T.N., 1974, Extended High Altitude Retardant Drop Mechanization Study. USDA Forest
Service—Final report.

Vallet, A., Borghi, R., 1999. Modélisation eulérienne de ’'atomisation d’un jet liquide. CR Acad. Sci. Paris t. 327, Série
IIb, 1015-1020.

Veynante, D., Vervisch, L., 2002. Turbulent combustion modeling. Prog. Energ. Combust. Sci. 28, 193-266.



	On thermodynamic closures for two-phase flow with interfacial area concentration transport equation
	Introduction
	Averaged equations of the models
	The microscopic equations
	Averaged equations, and averaged quantities

	Interfacial area concentration
	Closure relations
	Entropy balance
	Entropy balance equation with internal variables

	Entropy source and flux due to the interfacial area concentration variation
	Interfacial area as a property of a third medium
	Interfacial area as an inner variable

	Non-linear and extended thermodynamic closures

	Conclusion
	Acknowledgments
	Appendix A
	References


